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Abstract 

For any N x N monodromy matrix we define the Lyapunov function, which is analytic 
on an associated N-sheeted Riemann surface. On each sheet the Lyapunov function has 
the standard properties of the Lyapunov function for the Hill operator. The Lyapunov 
function has (real or complex) branch points, which we call resonances. We determine 
the asymptotics of the periodic, anti-periodic spectrum and of the resonances at high 
energy. We show that the endpoints of each gap are periodic (anti-periodic) eigenval- 
ues or resonances (real branch points). Moreover, the following results are obtained: 
1) we define the quasimomentum as an analytic function on the Riemann surface of 
the Lyapunov function; various properties and estimates of the quasimomentum are 
obtained, 2) we construct the conformal mapping with imaginary part given by the 
Lyapunov exponent and we obtain various properties of this conformal mapping, which 
are similar to the case of the Hill operator, 3) we determine various new trace formu- 
lae for potentials and the Lyapunov exponent, 4) we obtain a priori estimates of gap 
lengths in terms of the Dirichlet integral. We apply these results to the Schrbdinger 
operators and to first order periodic systems on the real line with a matrix valued 
complex self-adjoint periodic potential. 

1 Introduction 

There exist many results about the periodic systems, see books jS], |YSj and interesting 
papers of Krein [Krj . Gel'fand and Lidskii [GLj .... The basic results for spectral theory for 
the matrix case were obtained by Lyapunov and Poincare |YS] . We mention also new papers 
jBBK] , ICD-IE2], [EE], [CHGLj . [UG]. [EH] , ISM , [HE] , [HE] and references therin. 

Various properties of the Lyapunov function and quasimomentum for scalar Hill operator 
and the 2x2 periodic Zakharov-Shabat systems are well-understood [2], [MJ. Recall the 
well-known results for the Hill operator S±y = —y" + V(t)y in L 2 (R) with a periodic potential 
V(t + 1) = V(t),t G M and V G L 2 (0, 1). The spectrum of Si is purely absolutely continuous 
and consists of intervals a n = \~},n ^ 1. These intervals are separated by the 
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gaps 7„ = (A~,A+) of length \j n \ ^ 0. If a gap 7 n is degenerate, i.e. |7„| = 0, then 

the corresponding segments a n ,a n+ i merge. The sequence Aq < X± ^ A+ < is the 

spectrum of the equation — y" + Vy = Xy with 2-periodic boundary conditions, that is 
y(t + 2) = y(t),t G M. Here equality A~ = A+ means that A^ is an eigenvalue of multiplicity 
2. For the equation — y" + Vy = Xy on the real line we define the fundamental solutions 
i?(t,A) and <p(t,\),t G R satisfying i?(0, A) = tp'(0,X) = 1,^(0, A) = cp(0, A) = 0. The 
corresponding monodromy matrix M and the Lyapunov function A are given by 



tf'(l.A) ^'(1,A) 

Note that A(A^) = (— l) n , n ^ 1. The derivative of the Lyapunov function has a zero 
A n G [A~, A+], that is A'(A„) = for each n ^ 1. We introduce a conformal mapping (the 
quasimomentum, see [MO] ) k(-) : Z — > K given by the formula k(z) = arccos A(z 2 ), z G 
Z = C \ g, g = U n7 L g n , where g n = (z~,z+) = -g- n and z± = ^fX^ > 0,n ^ 1 and let 
Aq = 0. The quasimomentum domain K = C\U„^o c n, and vertical slits c n = [irn + ih n , im — 
ih n ] = — c_ n , where a height h n ^ is defined by the equation cosh/i n = (— l) n A(A„) ^ 1. 
Note that if V = 0, then fc(^) = z. The following asymptotics hold: 

7 / \ Qo gg + 0(l) . I | r . n / -i r)\ 

fcm = z as y > tq \x , y — > oo, for any r > U, (1.2) 

where Qo = | Jq V(t)dt = ~ J g q{x)dx and Q2 = = ^ / x 2 q(x)dx, and g = Im ^ on 
R. In particular, this implies that if g = 0, then V = 0. 

Using the quasimomentum as conformal mapping a priori estimates for various parame- 
ters of the Hill operator and for the Dirac operator (gap lengths, effective masses,., in terms 
of potentials) were obtained in [GT], [KKT] . [KK2] . [K2]-[KT0],[M],[Mn]. Conversly (it is 
significantly more complicated), a priori estimates of potential in terms spectral data (gap 
lengths, effective masses,..) were obtained |K2j . |K5] - |K10] , [M] for example, 

WV4 ^ 2\\G\\(1 + \\G\\)I, \\G\\ ^ 211^11(1 + 11^(1)1, where V 1 = V - 2Q , 

see [K2], where ||G|| 2 = ^2 n>1 \ln\ 2 an d \ j n \ ^ is the gap length. Such a priori estimates 
simplify the proof in the inverse spectral theory for scalar Hill operator |GT] , [KKj , |K1] and 
for the periodic Zakharov-Shabat systems |K4j . |K5j . see also |K6j . where the author solved 



the inverse problem for the operator — y" + u'y on L 2 (R), where periodic u G L 2 oc (R). 

The corresponding theory for the vector case is still modest. It is well known that 
the spectrum of the Schrodinger operator on the real line with a N x N matrix valued 
real periodic potential, iV > 1 is absolutely continuous and consists of intervals separated 
by gaps |DS] . We recall results from |CK] about this operator: the Lyapunov function, 
which is analytic on an associated N-sheeted Riemann surface is determined. Moreover, the 
conformal mapping with imaginary part given by the Lyapunov exponent is constructed and 
a priori estimates of gap lengths in terms of potentials are obtained. Some properties of the 
monodromy matrices and the corresponding the Lyapunov functions for periodic nanotubes 
were obtained in |KLlj . [KL2] . 
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Introduce the class N ^ 2 of monodromy matrices given by 
Definition M. I) An entire N x N matrix-valued function M G if M satisfies 
i) for some unitary matrix J the following identity holds: 

M(z)JM*(z) = J, allzeC. (1.3) 



M(z) has the eigenvalues Tj(z),j 6 l,iV = {1, ..,N} such that: 
ii) If \Tj(z)\ = 1 for some (j, z) G 1, N x C, then z£l. 

iTj M G belongs to if each Aj(z) = \{rj(z) + rj (z)), j G N satisfies 

&j( z ) = \{Tj{z) + t7\z)) = cosz + o(e llmzl ) as \z\ -> oo. (1.4) 
2 J 

///) ^4 matrix-valued function M G belongs to r ^ «//or some constants Cq, .., C r 

t/ie following asymptotics hold 



1r 

det(M(z) + M- 1 ^)) = exp -iiV^ - ^ + ^ 



2r 

f ol I 1 \ 

as z = iy, y — > oo. (1.5) 



Note that monodromy matrices for Schrodinger operators (or canonical systems) with pe- 
riodic matrix- valued potentials and for Schrodinger operators on periodic nanotubes belong 
to this class, see [X], [CK], [KLT] . 

The main goal of our paper is to obtain new results about the Lyapunov functions, the 
quasimomentum and a priori estimates of gap lengths in terms of potentials for a class of 
monodromy matrices Firstly, we construct Lyapunov functions and the conformal 

mapping (averaged quasimomentum) k(-), with imaginary part given by the Lyapunov ex- 
ponent. In fact, we reformulate some spectral problem for the differential operator with 
periodic matrix coefficients as problems of conformal mapping theory. Secondly, we obtain 
various results from the conformal mapping theory. For solving these "new" problems we 
use some techniques from [KK1-2], [K2], [K6-8] and [CK]. In particular, we use the Pois- 
son integral for the domain C + U (— 1, 1) U C_. We apply these results to the Schrodinger 
operator and to first order periodic systems on the real line with a iV x N matrix valued 
complex selfadjoint periodic potential for any N > 1. We plan to apply these results to 
study integrable systems [CDlj . [CD2] , [Ma] and integrated density of states for periodic 
nanotubes. 

An eigenvalue r(z) of M(z) is called a multiplier. Note that (11.31) yields that if some 
t(z), z G C is a multiplier of multiplicity d ^ 1, then l/r(z) is a multiplier of multiplicity d. 

Let L = M+Mzl anc i $(v,z) = det(L(z) - uI N ). Let Aj(z),j G MV be the zeros of 
$(f, z) = 0, where m, n = {m,m + l,..,n}. This is an algebraic equation in v of degree 
N. The coefficients of $(^, z) are entire in z G C. It is well known (see e.g. |Foj ) that the 
roots Aj(z),j G 1,N constitute one or several branches of one or several analytic functions 
that have only algebraic singularities in C. Thus the number of zeros of $(z/, z) = is 
a constant N e with the exception of some special values of z (see below the definition of 
a resonance). In general, there is an infinite number of such points on the plane. If all 
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functions Aj(z),j G 1,N are distinct, then N e = N. If some of them are identical, then 
N e < N and v) = is permanently degenerate. 

By definition, the number z$ is a periodic eigenvalue if z is a zero of the function 
det(.M(z) — In)- The number z\ is an anti-periodic eigenvalue if z\ is a zero of the function 
det(A / f(^) + /at). We need the following preliminary results 

Theorem 1.1. Let M G ^tv- Lnen tnere eiczsi analytic functions A s ,s = 1, .., AT ^ N on 

some N s -sheeted Riemann surface M s , N s ^ 1 having the following properties: 

1) There exist disjoint subsets u s C l,N,s G 1, Nq,\Ju s = 1,N such that all branches of 
A s , s G 1, N are given by Aj(z) = §(tj(z) + t~ (z)), j G uj s and satisfy 

z) = det( M{z) + 2 M " 1(Z) - vI N ) = j| $,(1/, z), S.(i/,*) = Hiv-Ajiz)), (1.6) 

/or any z, u G C, where the functions $ s (z/, z) are entire with respect to u, z G C. Moreover, 
if Aj = Aj /or some z G cj^, j G cj S; tnen = <& s and A& = A s . 

Lei some branch Aj,j G l,iV fre rea/ analytic on some interval Y = (a, (3) C R and 
— 1 < Aj(^) < 1 /or any z6F, Taen Aj(z) ^ /or eaca z G F . 
mj £aca function p s , s — 1, .., iVo, given fry ( jl.7p zs entire and real on the real line, 

N 

iv) The following identity holds true 

uJ 1 {zGC:A j (z)g[-1 1 1]} = R\ (J (z",4), •• <2-<4*h-i<» ( L8 ) 

N-<n<N+ 

where are either periodic (anti-periodic) eigenvalues or real branch points of Aj (for some 
j G 1,N), which are zeros of p (below we call such points resonances). 

Remark. 1) If M G then p is not a polynomial, since p is bounded on R. 

2) Let the surface = be the union of the disjoint Riemann surfaces £% s and let 
A = {A s ,s = 1,.,Nq} be the corresponding analytic function on ffl. Let ( — > z be the 
standard projection from the surface M into the complex plane C. We set ( G ^ and 
z = 0(C) G C. The surface M is a N-sheeted branch covering of the complex plane, equipped 
with the natural projection £ — > z. Below we will identify (locally) the point £ G & and the 
point 2! = G C (see [Fb], Chapter 4). In this case we set Im( = Im</>(£). 

3) In the case M G ^4 and 7~i = T3,t 2 = T4 the function D(t, ■) = det(M — r/4) has the 
form D(t, •) = r 4 - T x r 3 + ±(T 2 - T 2 )r 2 - T x t + 1, and then 

D(t, •) = (r 2 - 2A,r + l) (r 2 - 2A 2 r + lY A, = ^ + ^, A 2 = | - ^, (1.9) 

see [BBK] . where p = S±4 - S and T- = Tr ilP'(z), j = 1, 2. 

Definition. Tne number z G C is a resonance 0/ M ; z/ Zq ^s a zero of p given by ( I1.7P . 
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Theorem 1.2. Let M G and let Aj,j = 1, x have a branch point z G E /or some 
x G N. Assume that each A j(z) G E, j G 1, x for all z <E (z Q ,z +e) (orallforzE (z —e,z )). 
Then x = 2 and 2 is a branch point of order ~ for A 1; A 2 and t/ie function (A x — A 2 ) 2 zs 
analytic in the disk {\z — z \ < r} for some small r > and (Ai — A 2 ) 2 aas a zero zo of 
multiplicity 2m + 1^1. // in addition Ai(z ) £ (— 1, 1), #&en m = 0. 

Remark. 1) This result is important to describe the spectrum of Schrodinger operators with 
periodic potentials on armchair nanotubes [BBKLj . 2) It is very difficult to determine the 
positions of resonances. We can use only the Levinson Theorem (see Sect. 2) and Theorem 
II. 2[ It is similar to another case of poles (other resonances) for scattering for Schrodinger 
operator with compactly supported potentials on the real line see |Kllj . [Z]. 
We consider the conformal mapping associated with M G ^#tv- We need functions 
from the subharmonic counterpart of the Cartwright class of the entire functions given by 

{q is subharmonic in C and harmonic outside E, ] 
q : C — > E, / — \ / \ ~ r q+ ( t )dt ^ ,. q(z) ^ >■ (1-10) 

q{z) = q(z), zeC, J R < oo, limsup^^ < oo J 

We recall the class of functions from [KK1] given by 

5/C+ = \q G SC : q ^ 0, lim = 1, / (1 + t 2m )q(t)dt < oo), m ^ 0. 

I v-°° y Jr J 

We note that <S/C^ +1 C <S/C+ , m ^ 0. 

Introduce the simple conformal mapping n : C \ [— 1,1] {z e C : \z\ > 1} by 



T](z) = z + Vz 2 -1, 2GC\[-1,1], and rj(z) = 2z + o(l) as |*| -»• oo. (1.11) 

Note that 77(2;) = rj(z),z G C \ [—1, 1], since rj(z) > 1 for any z > 1. The properties of the 
function Aj imply |n(A s (£))| > 1,( e = {C G ^ : Im£ > 0}. Thus we can define the 
quasimomentum kj (we fix some branch of arccos and Aj(z)) and the function qj by 



kj{z) = arccos Aj(z) = ilogrj(Aj(z)), qj(z) = Imkj(z) = log \rj(Aj(z))\, kel,N (1.12) 

and z G = C + \j3 + , (3 + = U/3ei?(A)nc + t/^> ^+200), where is the set of all branch points 
of the function /. The branch points of kj in C + belong to 13(A). Define the averaged 
quasimomentum k, the density p and the Lyapunov exponent q by 



1 N 

k(z)=p(z)+iq(z) = -J2 k ^ z ^ q(z) = hnk(z), z G . (1.13) 



1 



Define the sets ct(jv) ={2 G E : Ai(z), .., A^(z) G [—1, 1]}, and 



o (1) = {z G E : Aj(z) G (-1, 1), A s (z) ^ [-1,1] some j, s G 1, iV}. 
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For the function k(z) = p(z) + iq(z), z = x + iy G C + we formally introduce the integrals 



Qn = ~ I x n q{x)dx, 1% = - I x n q{x)dp{x), 1° = - / / \k[ n) (z)\ 2 dxdy, 

7T ./to 7T ./to 7T 



I s = 

n 


1 f 








t n q(t) 

i 


7T h 


, t — z 



m„)(-J = - / ^^^f^-^ + Vaz- 8 - 1 ), zeC + . (1.14) 

1 il * ~ z V „-_ n / 



j=0 

Let C us denote the class of all real upper semi-continuous functions h : R — > R. With any 
/i G C us we associate the "upper" domain K(h) = {k = p + iq £ C : q > h(p),p G R}. We 
formulate our first main result. 

Theorem 1.3. i) Let M G Then the averaged quasimomentum k = j* ^ x kj is 

analytic in C + and k : C + — > fe(C+) = K(/i) a conformal mapping for some h G C us . 
Moreover, q = Im k has an harmonic extension from C + into Q = C + U C_ U g given by 
q(z) = q(z), z G C_ and q(z) > for any z G Q and q G SC PI C(C). Furhtermore, 

(1.15) 

as |z| — > oo. Then 

(1.16) 

Lei M G , r ^ 0. Taen g G «S/Cj. and iaere exisi branches kj,j E 1,N such that the 
following asymptotics, identities and estimates hold: 



q(z) = 


y + o(l) 


as \z\ - 


-> oo 




Let in addition, each Aj(z) = cosz 


+ 0(\z\~ 


1 e |Im21 ), j 


= 1, 


,N 


q(z) = 


y + 0(\z\ 


~*) as 


\z\ — 


> oo 



K z ) = z - + asn>r |x|, y -»• oo, for any r > 0, (1.17) 



o 
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C s = Q„ If + l£ = Q 2s + + ^(n + l)Q n Q 2s ~2-n, s = 0, .., r, (1.18) 

n=0 

in particular, 

J D + / 5 = Qo, i/ r- = and /f + if = Q 2 + ^ if r = 1, (1.19) 

=0, < g| CT(1)Ug < v 7 ^- (1-20) 

Remark. 1) The integral Iq is the area between the boundary of WL(h) and the real line. 
2) In the case M G and 7~i = r 3 , r 2 = r 4 the Lyapunov functions are are given by (jl.9p 
: Ai = f + ^, A 2 = f - The mapping k : C + -> K(/i) is illustrated in Figure [U 
We have A\ > 1 on intervals (A, C), (£, J) and A] > 1 on intervals (B,D),(F,G),(H,I) 
and Ai, A 2 are not real on (K,L). We have also A = k(A),B = k(B), ..,L = k(L) and in 
particular, k((K, L)) = (Sir, 3tt + ih ] is a vertical slit for some h > 0. 
We describe the properties of the conformal mapping fc(-). 
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Figure 1: N = 2. The domain K(h) = k(C + ) and gaps in the spectrum. 



Theorem 1.4. Let M G Then the following relations hold: 

p' x (z) ^ 1, z e a {N) and p' x (z) > 0, z G a (1) , (1.21) 
/jere j4(z) = 1 /or some z G ct(jv) iff a (N) — c(M). Moreover, 

(l'L( Z ) < < fffc). P(*) = COnst G for a11 ^ e ^ n = Z+), (1.22) 

g(x) = ^)fl + - / of g if . V ^fc 5SW = 1(^-0(4-^)1'. (1-23) 
G 2 = ^l^| 2 ^ 8 ^o, <md g ^C G 2 (l + G 2 ), if a {N) = a(M), (1.24) 

n 

/or some absolute constant Co > 0. 

Using this theorem we deduce that the function h(p) = q{x(p)),p G 1 is continuous on 
K \ {p n , n G Z}, where p n = x G g n , and 7t(p n ± 0) ^ h(p n ), n G Z. 

1. The Schrodinger operator. We consider the self-adjoint operator Sy = —y" + 
V(t)y, acting in L 2 (R) N } N ^ 2, where 1/ is a 1-periodic N x N matrix potential, V(t) = 
V*(t),t G M/Z, and V belongs to the complex Hilbert space J4? given by 

J? = lv(t) = {V jk (t)}f ik=1 , t G M/Z, ||V|| 2 = J Tr V(t)V*(t)cft < 00 

It is well known (see p. 1486-1494 |DS] , |Gej ) that the spectrum a{S) of <S is absolutely 
continuous and consists of non-degenerate intervals [A^_ 1; A~],n = 1,..,Nq ^ 00 and let 
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Ag = 0. These intervals are separated by the gaps 7 n = (A n , A+) with the length |7 n | > 0. 
Introduce the fundamental N x A^-matrix solutions ip(t, z), $(£, z) of the equation 

-f" + Vf = z 2 f, <p(O,z)=#'(O,z) = O,<f/(O,z)=0(O,z)=I N , zeC, (1.25) 

where In, N ^ 1 is the identity NxN matrix. Here and below we use the notation (') = d/dt. 
We define the monodromy 2 A" x 2 N- matrix M, the matrix J and the trace T m , meZby 

It is well known that M(-) G <^2Ni see [GL], |Krj . The functions M and T m ,m G Z are 
entire and det M = 1. Let Tj, j G 1, 2 A" be the eigenvalues of M. It is a root of the algebraic 
equation D(r,z) = det(M(z) - r/ 2 7v) = 0, r, ^ G C. Recall that L = \{M + M -1 ). Each 
zero of $(z/, z) = det(L(z) — vIin) is the Lyapunov function given by Aj(z) = \{rj(z) + 
Tj(z)), j G l,2A/\ For real V we have exactly Aj = A N+ j,j G 1,N, since in this case 
TN+j = l/ r j- Then each Aj(z) G [—1,1] gives the spectral point z 2 G cr(«S) of multiplicity 2, 
see (T'K . For complex V we have Aj,j G 1, 2 AT, where each Aj(z) G [—1, 1] gives the spectral 
point z 2 G cr(«S) of multiplicity 1. The zeros of v^A) ( and D(-l, (counted with 

multiplicity) are the periodic (anti-periodic) eigenvalues for the equation — y" + Vy = Xy 
with periodic (anti-periodic) boundary conditions. Let g = U n£ zg n where g n = (z~, z^),z^ = 
a/A^ > and g_ n = g n ,n ^ 1. We formulate our main result. 

Theorem 1.5. Let V = V* G Jf. Then 

i) M given by (11.261) belongs to J%2N an d spectrum <j(S) = M\U7 n; where 7 = (— oo, Aq ), 7„ = 
(A~,A+),1 ^ n < N g and A^ are either periodic (anti-periodic) eigenvalues or real reso- 
nances. 

ii) The averaged quasimomentum k = ^ kj ^ s analytic in C + and k : C + — > fc(C+) = 
K(h) is a conformal mapping onto WL(h) for some h G C us and q = Im k has an harmonic 
extension from C + into Q = C + U C_ U g given by q(z) = q(z), z G C_ and q(z) > for any 
z G Q. Furthermore, q G H C(C) and there exist branches kj,j G 1,2 A/" such that the 
following asymptotics, identities and estimates hold: 

i ( \ Q° Q2 + 0Q.) . I, f ^ n /-, 07 \ 

/em = z as y > ro \x , y — > 00, tor any r > (J, (1-27) 



0, = ^^ = ^'^*, (1 ,8) 



9k 



0, < Ufl ^ a/SQo, (1-30) 



= -jfe(-z), 2 G C+, (1.31) 

X! 



- E < 2J W~' W = ^ - A;,n > 1, (1.32) 
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^C G(1 + G3), if a {N) = a(S), (1.33) 
for some absolute constant Cq. 

Remark. 1) Properties of the Lyapunov functions are formulated in Theorems 11.11 [TT21 

2) Various properties of the quasimomnetum kj are formulated in Theorems 11.31 11.41 13.11 

3) The existence of real and complex resonances was proved in [BBK] for the Schrodinger 
operator on the real line with a 2 x 2 matrix real valued periodic potential V G Jff. 

4) If the potential V G Jif is real and a matrix j V(t)dt has distinct eigenvalues, then the 
operator S has only finite number complex resonances [CK] . 

5) Let aim, A) denote the spectrum of a self-adjoint operator A of multiplicity m,m ^ 0. 
We have the following simple corollary from Theorem 11.51 Let o'(S) = a(2N,S) = IR + for 
some V = V* G Jrff. Then V = 0. There are two simple proofs: 

a) if o~(S) = a(N,S) = K + , then all gaps are close and the identity (11. 29ft yields V = 0. 

b) if <t(S) = o~(N, S) = R + , then all gaps are close and the estimate (jl.33j) yields V = 0. 

6) Recall that the so-called Borg Theorem for periodic systems was proved in [CHGLJ,[GKMJ 
for general cases. 

2. The periodic canonical systems. Consider the operator /C given by 
Ky = -Uy' + V(t)y, J = I Nl ® (-I N2 ), V = f ° v \ N 1 + N 2 = N, N, > 1, N 2 > 1, 

and acting in the space L 2 (M.) N , where v is the 1-periodic N% x A^2 matrix and V = V(t) = 
V(t)* belongs to a subspace M§ C ffl given by 

J^=|y=^ ^ E J^:v = {v jk }, (j^Jei^xp^J. 

It is well known (see [DS] p. 1486-1494, [Ge]) that the spectrum cr(/C) of K is absolutely 
continuous and consists of non-degenerated intervals a n . These intervals are separated by 
the gaps g n = (z~,z£) with the length \g n \ > 0, — oo ^ N~ < n < N+ ^ oo, where 
N„ = — N~ — 1 is the total number of the gaps. Introduce the fundamental iV x N- 
matrix solutions tp(t,z) of the canonical periodic system 

- iJip' + V(t)ip = zip, zeC, ip(0,z)=I N . (1.34) 

It is well known that the monodromy matrix^ (1, •) G ~#jv, see p. 109 |YS] . [KrJ. The eigen- 
values t(z) of ip(l,z) are the multiplier of /C: to each of them corresponds a solution / 
of JCf = zf with f(t + 1) = r(z)f(t),t G [0, 1). They are roots of the algebraic equation 
D(t, z) = det('0(l, z) — r/jy), r, z G C. The zeros of D(l, z) (or D(—l, z)) are the eigenvalues 
of periodic (anti-periodic) problem for the equation —iJy' + Vy = zy. 

Theorem 1.6. Let V = V* G Mq. Then ip(l,z) belongs to and the averaged quasi- 

momentum k — kj is analytic in C + and k : C + — > fc(C+) = K(/i) is a conformal 
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mapping for some h G C us . Furthermore, and there exist branches kj,j G 1,N such that the 
following asymptotics , identities and estimates hold: 

k(z) — z = — ^° °^ _ ; if y > r\x\, for any r > 0, (1.35) 
Qo = / D + ^ = ^p (1-36) 



g| CT(JV) =0, < q\ a{1)Ug < v 7 ^, (1-37) 
G 2 = £k! 2 ^^, (1-38) 

n 

||y || ^ VNC G(1 + G), if a {N) = a(/C), (1.39) 
for some absolute constant Cq. 

Remark. 1) In the proof we use arguments from [K4-5] and [CK]. Theorem 11.61 gener- 
alizes the result of [CK] to the case of the canonical systems with periodic matrix potential. 

2) We have the following simple corollary from Theorem 11.61 Let cr(/C) = a(N,JC) = K for 
some V = V* G JZq. Then V = 0. The proof is similar to the case of the Schrodinger 
operator, see Remark 5) after Theorem 11.51 

3) In [K3] for periodic canonical system with with a specific 4x4 matrix real valued symmetric 
periodic potential the existence of real and complex resonances is proved. 

4) Recall the estimates ^=||G|| sC \\V\\ ^ 2||G|| (1 + ||G||) for the case iVi = N 2 = 1 from |K8] . 
The plan of our paper is as follows. In Sect. 2 we obtain the basic properties of the 

Lyapunov functions. In Sect. 3 we obtain the main properties of the quasimomentum 
and we prove the basic Theorems 11.31 and 11.4^ devoted to the conformal mapping theory 
and Theorems 11.21 about resonances. In Sect. 4 we obtain the results for the Schrodinger 
operator and the first order systems and Theorem 11.51 11.61 will be proved. 

2 The Lyapunov functions 

Recall that D(r, •) = det(M - rI N )C and L = \{M + M~ l ). We need the simple fact 
Proposition 2.1. i) If M G ^n, then $>(is,z) = det(L(z) — vIn),z,v G C satisfies 

N 

$(z/, z) = det(L(z) - uI N ) = (-1) N </>j(*> N ~ j , <Po = 1, <Pi = ~Tx, 





'2 = ~ 2 Jr J 1 ^ 1 ' '"' = --^Tk^j-k,-, 0jv = detL, T m (z) = Tr L m (z), (2.1) 

3 i 

where each (f)j is entire and is real on the real line. 

ii) Let Aj(z),j G 1,N be zeros of the equation $>(v, z) = 0. If some Aj(z) G [—1,1], z G C, 
then zGK. 
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Proof, i) It is well known that the "polynomial" $(i/, z),z, v 6 C is given by (12. ip . see p. 
331-333 [RSJ. Using the identity (jl.3p we obtain 



\Z] 



1 / 1 - 

Tr L m (z) = —Tr( [ M(z)+M(z)- 1 ) = —Tr^T^M^ 



1 m 1 m / — \ 

— 2j C™T 2p -m{z) = ^ ^™ ( Tlp-m{z) + T 2p - m (z) J , 



AT! 



(iV — m)!m! 



2p^m 

This gives that each 7^ = Tr L m , meNis the entire and is real on the real line. 

ii) Let some some Aj(z) £ [— 1, 1], z £ C Then Tj-(z) satifies |tj(z)| = 1 and Definition 
M yields zeR. I 

If $(i/,z) = (cos -2 — v) , then the Lyapunov function Ay (2) = cos z,j £ 1, N and the 
zeros of $(1,-2) = (or $(—1,2) = 0) have the form z 2n j = n2n (or z 2n+ ij = vr(2n + 1) ) 
for (n,j) £ Z x 1, N. We consider the case M £ Jt%. 

Lemma 2.2. Let M £ ^j^. Then the following asymptotics hold: 

${v,z)-{cosz-v) N = o{e Nllmzl ) as \z\ -> oo, (2.2) 

where \v\ ^ A for some constant A > 0. Moreover, there exists an integer n such that: 

i) the function $(1,2;) /ias exactly N(2hq + 1) roots, counted with multiplicity, in the disc 
{\z\ < 7r(2no + 1)} and for each \n\ > hq, exactly 2N roots, counted with multiplicity, in the 
domain {\z — 2ftn\ < |}. There are no other roots. 

ii) the function $(—1, z) has exactly 2Nuq roots, counted with multiplicity, in the disc {\z\ < 
27rno} and for each \n\ > no, exactly 2N roots, counted with multiplicity, in the domain 
{\z — 7t(2n + 1)| < |}. There are no other roots. 

Hi) The function D(z, 1) has only real zeros Z2 n ,m, n £ Z, their labeling is given by 

■■ < Z- 2 ,N < -20,1 < -20 2 < ••• < Z 0l N ^ -22,1 ^ ••• ^ Z 2 ,N ^ -24,1 ^ • • • , Tl CVCH, (2.3) 

V — V ' " v ' 

n=0 n=2 

and the function D(z, —1) has only real zeros z 2n+ i, m ,n £ Z, their labeling is given by 

.. ^ z_i,jv ^ zi,i ^ ••• ^ Zi t N ^ -23,1 ^ ••• ^ z- it N ^ -25,1 ^ . . . , n odd. (2.4) 



— v v 

n=l n=3 



Moreover, they satisfy 



z n,j = vrn + o(l) as n — > ±00, j £ 1, AT. (2.5) 

Proof. Each function <p n in $ = b ,N ~ n (j) n is the symmetric polynomial of A m , m £ AT. 
Then A m (z) = cosz + o(el Imz l) as |z| -> 00 yields Q . 

Due to Condition M,ii), the zeros of the function D(±l, z) (or $(±1, z)) are real. 
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i) Let Tii > n be another integer. Introduce the contour C n (r) = {z : 



7TO 



7ir}. 



Consider the contours C (2n + 1), C (2ni + 1), C 2n (|), |n| > n . Then (13.31) and the estimate 
e^' Imz ' < 4 1 sin || on all contours yield 



$(M) 



z 

2 sin - 

2 



2/v 



o e 



iV| Imz|N 



o(i: 



Sill - 

2 



2/V 



1 

< - 

2 



2 

2 sin - 
2 



2iY 



(2.6) 



for large n . Hence, by Rouche's Theorem, $(1, z) has as many roots, counted with multi- 
plicities, as sin 2JV | in each of the bounded domains and the remaining unbounded domain. 
Since sin 27V | has exactly one root of the multiplicity 2N at 27m, and since rii > n can be 
chosen arbitrarily large, the point ii) follows, 
ii) The proof for $(—1, z) is similar. 



iii) We have Aj 



cos 2; + o(l) as z = irn + 0(1). For each s G 1, N there exists j such 



that Aj{z n%s ) 



-l) n . Thus we have z UiS = rcn + o(l) 



Proof of Theorem 11.11 The proof repeats the proof of Theorem 1.1 from [CKj . ■ 

We recall some well known facts about entire functions, see [Koo]. An entire function 
f(z) is said to be of exponential type if there is a constant 7 such that \f(z)\ ^ const. 
e 7\z\ everywhere. The infimum over the set of 7 for which such an inequality holds is called 
the type of /. The function / is said to belong to the Cartwright class if f(z) is entire, of 
exponential type, and J R log }+^ dx < 00 • The function / is said to belong to the Cartwright 
class £c(a + , a_), if / is entire, of exponential type, and the following conditions are fulfilled: 



log + \f(x)\dx 



x- 



< 00, p±(f) = a±, where p±(f) = lim sup 



log|/(±iy)| 



Due to the Paley- Wiener Theorem, if / G Cart and f(x) — cos a; G L 2 (IR), then / = 
/_! (j)(t)e- itz dt for some G L 2 (— 1, 1). Denote by Af(r, f) the total number of zeros of / 
with modulus ^ r. Recall the following well known result (see p. 69, [Koo]). 
Theorem (Levinson). Let the function f G £c(l> 1)- ThenJ\f(r, f) = ^r + o(r) as r — ► 00. 
and for each 5 > the number of zeros of f with modulus r lying outside both of the two 
sectors \ argz|, | arg^ — n\ < 5 is o(r) for r — ► 00. 

We determine asymptotics of p s , A m and the zeros of p s , s G 1,N . 



Lemma 2.3. Let M G If ^j{ z ) = cos 2:+ b] sm2+ °^ e '1 as Imz -» oo ; and bj 7^ bk,j 7^ 

k for all j, k G uj s for some s = 1, .., N . Then p s G Sc(a, a), a = N S (N S — 1) and 



Ps(z) 



sm z 



2z 



N s (Ns-l) 



(1 + o(l)) 



as 



Imz 



00, 



= n (h-^f- (2.7) 

j<k,j,k£LO s 



6 J sinz+o(el Imz l) 



as \z\ 



00. Then 



Let in addition, Aj (z) = cos z + 
i) There exists an integer n ^ 1 such that p s has exactly 2N S (N S — l)no roots, counted with 
multiplicity, in the disc {\z\ < n(n + |)} and for each \n\ > n , exactly N S (N S — 1) roots, 



12 



counted with multiplicity, in the domain {\z — 7rn| < |}. There are no other roots. Moreover, 
the following asymptotics hold 

fsmz + o(e^)\ N ^- 1} , , , . 

p s (z) = c s i — I as \z\ -> oo. (2.8) 

ii) The zeros of p s are given by z^, a = (j, k),j < k,j, k G uj s and n G Z\{0}. Furthermore, 
they satisfy z^ — irn + o(l) as n — > oo. 

Let in addition Aj(z) = cos(z — j-) + o(n~ 2 ) as |z — 7m| ^ l,n — > ±00. TTien 

^ = 7r "+ 6j ' + 2 7 rn Q(1) > a = ^' n ^ ±0 °- ^ 
Proo/. i) using Aj(z) - Afc(z) = (6j - Ofc)^fr + o(z _1 e |Imz| ) as Imz-4 00, we get 

3 [Im«[\\ N S (N S -1) 



Ps(z) = l[(A,(z) - A k (z)) 2 = c s ( ^ ^ J 



j<k 

which yields (12. 7p . The proof of (12.81) is similar. 

Let n\ > no be another integer. Introduce the contour C n (r) = {z : \z — im\ = irr}. 

Consider the case Nq = 1, the proof for Nq ^ 2 is similar. Let n\ > no be another 
integer. Consider the contours Co(2n + 1), C (2ni + 1), C 2n (^), \n\ > n . Then f )2~8|) and the 
estimate e' Im2 ' < 4| sinz| on all contours (for large no) yield p(z) = p°(z)(l + o(l)), where 
p°(z) = c (^ £ ) N ^ N ~ 1 ' . Hence, by Rouche's theorem, p has as many roots, counted with 
multiplicities, as p° in each of the bounded domains and the remaining unbounded domain. 
Since p° has exactly one root of the multiplicity N(N — 1) at nn 7^ 0, and since n\ > uq can 
be chosen arbitrarily large, the point i) follows. 

ii) Thus the zeros of p s have the form z^^ot = (j,f),j,f G u s , j < f ,n G Z \ {0} and 
satisfy \z^ — im\ < ir/2. 

We have = Aj(z) — Af(z) = (bj — bji) smz ^ z °^ as \z^ — nn\ < ir/2, \n\ — > 00. Then we 
deduce that z™^ = irn + o(l) as n — > 00. 

iii) We have the identity Aj(z) — Af(z) = at z = z^ and asymptotics 

cos z! -cos z" — = 2(— 1) sin —. sm \ zl — irn ■ 1 



a 27m/ V a 2im J Aim \ a Ann J n 2 

which yields (12. 9ft . 



3 The conformal mappings 

In this section we study properties of the quasimomentum and prove theorems about the 
conformal mapping. Recall that the Lyapunov function A s (£) is analytic on some -/V s -sheeted 
Riemann surface and 8& = Ui°M s . Let z = x + iy G C be the natural projection of ( G 
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B(A) be the set of all branch points of the Lyapunov function and ^ >=t = {( G M : ± Im£ > 
0}. Recall that the simply connected domains = C± \ (3± C C± and define a domain 
M = C \ (/?+ U @_ U /3 ), where 

At = U^ m ^^± *°°), A) = {z G R : Aj(z) i K /or some j G I^V}. 

Due to the Definition M, A(C) £ [-1, 1] for ( G M + . Recall that g(C) = | log^(A(C))| is the 
single- valued on & + imaginary part of the (in general, many-valued on & + ) quasimomentum 
k(0 = P(C) +*9(C) = arccosA(C) = ilog7/(A(£)), where 



77(2) = ^ + Vz 2 - 1, 77 : C \ [-1, 1] -> G C : |z| > 1}. 



We denote by qj(z), (z,j) G C + x 1, N, the branches of q(() and by Pj(z), kj(z), z G , 
the single- valued branches ofp((), k((), respectively. 



Theorem 3.1. Let M G ^#jv o,nd let s G 1,-ZVq (jV zs defined in Theorem \1.1\) . Then the 
function q s (() = log |r/(A s (^))| zs subharmonic on the Riemann surface ffl s . Moreover, 
1) If M G i/ien i/ie following asymptotics hold 

UO =V + o(l), ICH00, Imz^O. (3.1) 

If A s (z) = cos 2 + 0(1/2) as |^| ^ oo ; i/ien £/ie following asymptotics hold: 

q a (0=y + O(\z\-*), Khoo, Ce^ s , Irn^O. (3.2) 

IJj Lei Aj fre analytic on some bounded interval Y — (at, /3) C M /or some j G w a . Tnen 
If Aj(z) G R \ [—1, 1] /or a// 2 G y, i/ien fcj(-) aas an analytic extension from Mq into 
M£ U^uy stjc/j iaa£ 

Re fcj(z) = const G 7rZ, 2 G Y, (3.3) 

^.(2) = qj (z) > 0, zG^U^O U K (3.4) 

ii) If Aj(z) ^ K /or any z £ K, £aen i/jere exists a branch Aj',j' G c<j s suc/i t/iat Aji(z) = 
Aj(z) for any z G K . Tae functions Aj(z) and ky + fcj aai>e analytic extensions from 
into f + U^"UK snc/i taa£ 

4,M = {£« !' (3-5) 

[Ajv^) i/ zGl 

£^•(2:) +pjv(z) = const G 27rZ, 2 G F, Qj(z) = qj'(z), z G F, (3.6) 

?j0) + = + Qj'(z) > °> ze^U^UY: (3.7) 

Proof. The proof repeats the proof of Theorem 4.1 from |CKj . ■ 

Proof of Theorem 11.21 Puiseux series for Aj,j = 1, .., x are given by 

Aj(z) = Ai(^o) + aiet + a 2 e 2 t 2 + .., e = e*^, t = (z - z ) * G D r = {t : \t\ < r}. (3.8) 
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If j = x, then we obtain a n G R for all n ^ 1. Furthermore, x = 2, since Aj-(z) is real for 
all j G 1, x and all z G (z , z + e) (or all z G (zq — e, Zo)). Moreover, these arguments give 

A.^o + t 2 ) = fit) + (-l)H 1+2m g(t), j = 1,2, t G D r , m - 1 G N, #(0) ^ 0, (3.9) 

where /, g are analytic function in the disk D r for some r > and /, g are real on (— r, r). 
Thus F = (Ai — A 2 ) 2 is analytic in D r and F(z) = z 1+2m (C + 0{z)) as 2 — > z for some 

Let Ai(^o) G (—1,1). Then using ( 13. 9ft . identity Aj(z) = coskj(z) and the Implicit 
Function Theorem, we obtain 

kj(z + t 2 ) = frit) + t 1+2m i 9j (t), j = 1, 2, * G £> n m 3 - - 1 G N, 9j (Q) ^ 0, 

where /j,<7j are some analytic functions in the disk D r for some r > 0. Then (13.7ft yields 

^(zo + t 2 ) + £; 2 (<2o + ^ 2 ) = 27m + f (c + 0(t)) as ^0,teC + , 

for some (n , s) G Z x N and 0. The case s ^ 2 is absent, since gi, gi > in Z) r U C + for 
some r > 0, which yields s = ni\ = m 2 = 1. ■ 

Recall the needed properties of the functions q G SC defined in Sect. 1 and k = p + iq. 
It is well known, that p G C(C + ) and -^{d 2 + d 2 )q = \i q (in a sense of distribution) is a 
so-called Riesz measure of the function v. Moreover, the following identities are fulfilled: 

7r/j, q ((x 1 ,x 2 )) = p(x 2 ) - p(xi), for any x x < x 2 , xi, x 2 G R, (3.10) 

which yields ) 0,z £ C + . Moreover, q(x) = q(x ± «0),x G R. It is well known that if 
q G SC, then 



^4 < lim sup # = hm MM = lim *M = lim EM ^ 0. (3.12) 

1 + t 2 z ^oo \z\ iy y x^±oo x 

Now we recall the well known fact (see [Ah]). 

Theorem (Nevanlinna). i) Let « be a Borel measure onR such that j R (l + x 2r )dfi(x) < 00 
for some integer r ^ 0. Then for each s > the following asymptotics hold 

/r7 = -E|l + |T. \z\^ 00, y>s\x\, Q n = I x^{x), < n < 2r. 



fc=0 



Lei / fre an analytic function in C + sncn iaai Im/(2;) ^ /or a// z G C + ana 1 

Im/(iy) =c y- 1 + ... + c 2p _ 1 y- 2r + O(y- 2r - 1 ) as y^oo (3.13) 

/or some Co,..c 2r _i G R and r ^ 0. Then f(z) = C + L 737-, z G C +; /or some .Bore/ 
measure fj, on R stzc/i iaai L(l + x 2r )dfj J (x) < 00 and C G R. 
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Proof of Theorem 11.31 i) The proof repeats the proof of Theorem 4.2 from [CK]. 

ii) Below for each real harmonic function q(z), z G C + we introduce an analytic function 
k = p + iq in C + , where (—p) is some harmonic conjugate of q for C+. If q G SJCq, then the 
function k = p + iq in C + is defined by 

k(z) =z + - [ zGC+. (3.14) 

JR t-Z 

Due to i), the function q = qj G SC fl C(C) and g is positive in C + . Let z = 

iy, y — ► oo, using q m (iy) = y + o(l) (see (13.1 ft ) we obtain 

* (2 , 0) = = (i + ^ 0( i)) e _ iEfuw = (1+e ^ 0(1 )) e _ iMM (3 15) 

i 

Thus these asymptotics and $(2;, 0) = (cos^ z) exp z ^— XljLo + ^tt^ > see give 

M*) = * ~ X! ^TT + as z=iy, y^oo. (3.16) 

i=o 

Then by i) and the Nevanlinna Theorem, the function q G SK\ r . We need the following result 
from [KK1]: Let q G for some m ^ and g 7^ const. Then k : C + — ► fc(C + ) = K(h) 

is a conformal mapping for some h G C us ,h ^ 0. Moreover, the following asymptotics, 
estimates and identities are fulfilled: 

K z ) = z ~ "ITT + "iSi as N^°°> V> r \x\, foranyr>0, (3.17) 

k=0 

^ + 4 = Qls + '^f 1 + + 1 )^2 S -2-n, s = 0, m, (3.18) 

n=0 

supg 2 (x) < 2Q , (3.19) 

where 1^, 1^ ,Q n ,n ^ are given by ( II. 14ft . Thus the above results give that k : C + — > 
k(C + ) = K(/i) is a conformal mapping for some h G C us . Moreover, asymptotics ( 11.17P and 
identities IjTTBj) . (TTT9D hold true. 

Estimate (13.191) gives g|n ^ v^Qo- If -2 G cr(jv), then g(z) = 0, since Aj(z) G [—1, 1] and 
= for all j — 1, .., N. If z G cx(i) U g, then Aj(z) £ [—1, 1] for some j = 1, .., TV. Thus 
qj(z) > and q(z) > 0, which gives (11.201) . ■ 

Proof of Theorem D i) We show (fT2TD . Using k{z) = z + \ J R z e C + and (OUj) 
we obtain k'{z) = 1 + ^ J R > 1> 2 £ ^"(v), which yields p' x (z) > 1, z E <T(N). Moreover, 
we have p' x (z) = 1 for some z G cr(jv) iff ?|k = 0. 
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The function q s is harmonic in = {( 6 £% s : Im£ > 0}. The function / = q s — y is 
harmonic in and / > 0. 

Let x G (7(i). Then some branch A m (x) G (—1, 1) for all x G Y C (Jm for some small 
interval K = (a, (3). We have A m (x) = cosk m (x). Thus we get fe^z) = - J*$ x) ^ 0. 
Hence we get p' m (x) = k' m (x) > 0, since q m (x) = and (13.111) yields p x (x) ^ for x G Y, 
which gives (jl.2ip . 

We show (11.221) . Note that q(z) > 0, z G g, otherwise we have not a gap. Using (13.1 ip 
we obtain -^0^ = ' <L L = f R j^z > 0, z = x G g n , which yields q J ^ x (z) < 0, z G # n . 

Consider the function z G g„. Theorem 13. ll yields AT Re k(z) = J2i ^ e km = ^n m = 
n N n , which gives (021 

We recall the result from [KK2J. Let a function / be harmonic and positive in the domain 

C\g n ,g n = (z~,z+) ^0 and f(iy) = y(l + o(l)) as y -> oo. Assume /(z) = /(*), z e C\g n 
and / G C(C+). Then 

f(x) = q n (x) ( 1 + - I ll^L- \ q n ( x ) = \(z - z~)(z+ - z)\? , x G g n . 
\ n J uv \t - x\q n (t) J 

Hence the last identity and properties of q yield (j 1.23ft and the estimate q(z) ^ q n (z), z G 
g n = (z~, z+). This estimate implies Qo ^ J g q n {t)dt = lJ2\dn\ 2 , which yields the first 
estimate in (11.38ft . ■ 



4 Proof of Theorems 1.5 and 1.6 



We begin with some notational convention. A vector h = {/i n }i £ nas the Euclidean 
norm \h\ 2 = \h n \ 2 , while a. N x N matrix A has the operator norm given by \A\ = 
sup| h | =1 \Ah\. Note that \A\ 2 ^ Tr A* A. 

1 The first order periodic systems. In this case J = 1^ © (— ijv 2 ). Below we use 
arguments from [K4j . [K5| . We need the identities 

JV = -VJ, e zJ V = Ve~ zJ } all {z, V) G C x J%>. (4.1) 

The solution of the equation —iJip' + Vif) = zip, tpo(z) = 1^ satisfies the integral equation 



e iztJ - % 



ip(t,z 
and if) is given by 
if)(t,z) = y~]il> n (t,z), ip n (t,z) = -i 

n > 1. Using ([43]) . flOJ) we have 



izj(t—s) 



JV(s)ip(s,z)ds, t^0, zeC, 



^ zJ{t - s) JV(s)if; n _ 1 (t,z)ds, Mt,z) 



AztJ 



(4.2) 



(4.3) 



fa(t,z) = -i e izJ(t - s) JV{s)e izsJ ds = -i / e^ J( *~ 2s) JU(s)rfs 



(4.4) 
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ip 2 (t,z) = -i f e izJ{t - tl) JV{t l )4; 1 (t l ,z)dt l = [ dh f 1 e izJ ^ 2t ^ 2t ^V{h)V{t 2 )dt 2 . (4.5) 
Jo Jo Jo 

Proceeding by induction, 

pi rt2n-l 

V 2 n(l, z) = dh... e izJ ^"V(h) . . . V(t 2n )dt 2n , x n = 1 -2h + 2t 2 ■ ■ ■+ (-l) n 2t n , (4.6) 
Jo Jo 

/•I pt2n 

V 2 n+i(l, z) = -U dh--- e izJ ^V{h) ■ ■ ■ V(t 2n+1 )dt 2n+1 . (4.7) 



JO JO 

We need the following estimates. 

Lemma 4.1. Let V G J&o. For each z G C there exists a unique solution ip of Eq. (14.21) given 
by (14.31) and series ( 14.31) converge uniformly on bounded subsets of R x C x J^ 7 . For eac/i 
t ^ the function tp(t, z) is entire on C. Moreover, for any n ^ and (t, z) G [0, oo) x C 
the following estimates and asymptotics hold: 

e \haz\t f pt 
!)'. 

n-1 



WM)K^r^ \v(s)\d s j , (4.8) 

|^M)-|>i(M)l ^ (^liyil)" e t|im < [ + j;ivW[«fa > (4 . 9) 
o n ' 

^(t, ^) - e i2 ' J = (^(e' 1 Im ^) as |z| -> oo, (4.10) 

T m (z) = N ie iz + N 2 e~ iz + o(e m|Imz| ) as \z\ -> oo. (4.11) 

// V", V G J^o and z/ the sequence V v — > V weakly in J^ as v — > oo, then ip(t, z, V u ) — > 
i/)(t,z,V) uniformly on bounded subsets o/R x C. 

Proof. (jOl) . (T4TD give 

/•* ptn-1 Jlmz\t / pt 

\i> n (t,Z)\ dh J dt 2 ...j el Im ^|\/(t 1 )|...|\/(t n )l^n^^-fy o 

since |t - 2h + 2t 2 h (-l) n 2t n | < t, which yields lO]) . This shows that for each t > the 

series (14.31) converges uniformly on bounded subsets of C x 7i - Each term of this series is 
an entire function. Hence the sum is an entire function. Summing the majorants we obtain 
estimates (14.91) . The proof of asymptotics in (I4.10p is standard (see e.g. [K4J or [K5J). (I4.10p 
implies ( H~TTj) . 

Assume that the sequence V v — > V weakly in Jif, as v — > oo. Then each term 
ip n (t, z,V u ) — > ip n (t,z,V) uniformly on bounded subsets of R x C and fixed n ^ 1. Then 
( 14.91) gives that ip(J, z, V v ) — > ip(t, z, V) uniformly on bounded subsets of R x C. ■ 

We need asymptotics of L(z) = ~(M(z) + M^ 1 (z)) as Imz — > oo. The identities (11.31) . 
(OP yield 

L(z) = \W1,Z) + Jr{l,z)J) = L n (z) = ^(Mhz) + Jr n (l,z)J), (4.12) 

n>0 



where series (14.121) converge uniformly on bounded subsets of C x Mq. Using (14. II) . (14.61) . 
(14.71) . we obtain 



iz J >C2 







J^ 2n *(l,z)J = dt x ... e-* ZJ ^"V(t 2n )...V(t 1 )dt 2n , (4.13) 



r± rt2n 

JiP 2n+1 *(l,z)J = iJ dh... e lzJ ^V(t 2n+1 ) . . . Vitjdhn^, (4.14) 
Jo Jo 

and in particular, Jip{(l, z) J = — t/>i(l, z). Thus we deduce that 

L = cos 2 + L 2 + y^Ln, Li = 0, (4.15) 



n>3 



L 2 (z) = l - J J* (e izJ{ ±- 2t ^ 2t ^V{t x )V{t 2 ) + e^^-^+^Vit^Vit^ dt, .... (4.16) 

Lemma 4.2. Let V G Jtf?o- Then for y ^ r \x\,y — > oo,r > the following asymptotics 
hold: 

1 /■*»-! n(py) 

dt x . . . I e ±izJ ^V(t x ) . . . V{t n )dt n = -j-J (4.17) 



o jo 



L 2 (^) = ^(r + o(l)), where Y=j V 2 (t)dt, (4.18) 
^ z Jo 

L{z) = ms(zI N - ^^f 1 ^ , (4-19) 

jf ^_MI^II 2 + °( 1 ) 



det L(z) = (cos JV z) exp ( " n v ' ) . (4.20) 



Proof. Let V t = V(t). Asymptotics (EHDd5I2D give 



/ dt [ e l2z{t ~ s) V t V s ds = ^ (V + 0(1)) , / dt e^^U^ds = ^f^-. (4.21) 
Using (T4T2T]) and x 2 = 1 - 2t + 2s we get 



•i /-ti 



^ Jo Jo f^"^^ + e ~ i2j " 2 ^^) rft ( 4 - 22 ) 



= 5 // 1 ( cos ZX2 ^ Fs + VsV ^ + * J sin z **( y *^ - v.Vtfj dt = l -7^(J Q v t dt + °(!)) > 

which gives ( 14. 18ft . The similar arguments yield ( 14.171) . 

In order to estimate L n we consider the function f£ = f^(y) = J G e ±y>Cn dt. Recall 
Hn = 1 - 2t x + 2t 2 ■ ■ ■ + (-l) n 2t n , t = (ti, .., t n ) E G n = {0 < £ n < ...t 2 < ti < 1} C M n . We 
need the simple estimate 

/ g^^L- / / e-^-^dtds ^ — , any a, ?/>0. (4.23) 
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The direct calculations imply ^ e v y 2 , y ^ 1, p = 2, 3. Consider /+, the proof for f n 
is similar. Using the second estimate from (I4.23[) we have f2n(y) ^ j0yt This and the first 

estimate from yield f? n+1 (y) ^ 4^ ^ t^I+t- Thus we obtain 

fn(y)^7^n, n,y>l. (4.24) 

Hence we have 

r " / /• \ I ||T/|| n 9p y 

|L n (z)| ^ / {e y>Cn +e- y ^)T\\V{t j )\dt d / {e yMn + e~ y>en ) 2 dt) ^ — e n , (4.25) 



where e = — — \ > 0, since 



e 5 e y 



4 e 2y 

(4|/)f 



/ f[ l^ti I 2rft = / (e^ + e^fdt «C 2 f [e 2y>Cn + e" 2?/>< ") 2 dt 

Then the last estimate gives 

|^L„,(^)| ^ e*|£V| = ^ 2 £ V. (4.26) 



n>5 n>5 



fT4~T2]) - fl4TT4D and (l4~TTl) give L s (z) = o{e 2y ) as y -> oo. Then combining this and g2HD,gIIHD 
we obtain (TCTI . 

Using the asymptotics L = cos^i^ + S + OdSI 2 )) and det(/ + S) = exp(Tr S + 0(\S\ 2 )), 



where S = ^^"^ as Imz — > oo we obtain (14.201) . ■ 
Proof of Theorem 11.61 Recall the simple fact: Let A, B be matrices and and &{B) be 
spectra of B. If A be normal, then dist{a(v4), a(A + 5)} < |S| (see p. 291 [Ka] ). 
From (14.101) we have L(z) = cos zl^ + 

o(el Im ^l), \z\ -> oo, where the operator cos zljy 
has the eigenvalues cos 2; of the multiplicity N. Due to the result from [Ka] and asymptotics 
above we deduce that the eigenvalues A m (z) of matrix L(z) satisfy the asymptotics Aj(z) = 
cos z + o(e |Im2;| ), j = 1, ..,N which gives that M e dt%. 

Lemma 14.21 implies M G Thus using Theorem ll.Xtil.3j, we obtain the proof of 

Theorem 11.61 ■ 

2. The Schrodinger operator. In order to prove Theorem 11.51 we determine the asymp- 
totics of M. The fundamental solution tp satisfy the integral equations 

/ x / x f siazit — s) Tr , s . . , sin zt T , , „ nS 

ip{t,z) = ip {t,z)+ i J -V{s)ip{s,z)ds, <p {t,z) = I N , (4.27) 

Jo z z 
where (t, z) e R x C. The standard iterations in (14.271) yields 

^ sin z(t si 

ip(t,z) = } (p n (t,z), ip n+ x(t,z)= / V(s)ip n (s,z)ds. (4.28) 

The similar expansion $ = ^2 n ^, $n with "do(t, z) = In cos zt holds. We need 
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Lemma 4.3. Let V G Jif and let k = j^- and \z\i = max{ 1 , \z\}. Then for any integers 
m ^ t ^ 0,n ^ — 1 the following estimates hold: 



max 



s no / ™° \ 1 / "° \ 

{$(i,z)-j2uhz) , Mi(^(m-x>„(mJ , ^(^(m-x^mJ 



"0 

^'(M)-5> W '(M) 



no+1 



K + l)! 



; (|Im*|+x) j (439) 



|T m U) - 2N cos mz- ^-^mTrV°| ^ 2iVmxe m(l Im ^+-). 



(4.30) 



Proof. We prove the estimates of (p, the proof for ip', is similar. (14.281) gives 

(Pn(t,z)=[ f n (t, s)V(si) ■ .. ■ V(s n )ds, f n (t, s) = ip {s n , z) ]^[ — Z ^ k ' 1 ^_ 



Dn 



where s = (si, .., s n ) G E n , s = t and L> n = {0 < s n < ... < s 2 < si < t}. Substituting the 
estimate |<£>o(£j <z)| = |^ _1 sinzt| ^ j^l^ e' Imz '* into the last integral, we obtain 



g| lmz\t 
Hi JD n 



\V( Sl )\-..-\V(s n )\ds^ 



e \lmz\t 



n\ 



\V{x)\dx 



This shows that for each t ^ the series (I4.28P converges uniformly on bounded subset of C. 
Each term of this series is an entire function. Hence the sum is an entire function. Summing 
the majorants we obtain estimates (14.291) . 

The function T m ,m ^ 1 is entire, since are entire. We have T m = TrM m (z) = 
E„>o T m,44 wh ere 



T m A\z) 



T mfi = 2Ncosmz, T m ^ n (z) = Tr$ n (m, z) + Tr (p' n (m, z), n>l 

1 f m sinmz 

sin z{m — t) cos zt + cos z{m — t) sin zt) Tr V[t)dt = m Tr V . 



The estimates | Tr (p' n {m, z) | s= ^l e \^-A^ an d | Tr$„(m, z)\ ^ &™£L e \***\™ g i ve |T m>n (z)| ^ 
(2N)&^e m \ lmz \ n^O, which yields ( fOOj) . ■ 

We will obtain the simple properties of the monodromy matrix. We introduce the mod- 
ified monodromy matrix ^ and the matrix A by 



0(1, z) z<f(l,z) 



= I N ®zI N z G C, 



A _^-i^_ f + r _ 1 ( #(l,z)+tp'(l,zy z(<p{l,z)-<p(l,z)* 
2 2\z- 1 ($'(l,z)-#'(l,z)*) #(l,z)* + <p'(l, z) 



(4.31) 
(4.32) 
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where we used the identity (11.31) . Note that M and ^ have the same eigenvalues and the 
same traces. Using (I4.29P we obtain 

A(z) = A^z) + + -g^ + v ^ 1 , A^z) = cos z + — U° as |z| -> oo, (4.33) 



where 



f'dt f sin z(t-s)( an ^ S > Z \ aa $ 8 >f\d8, zeC, (4.34) 
Jo 7o V a 2i(*,s,z) a 22 (t,s,z)J 

an = sinz(l — £) coszsVtl^ + cos^(l — t) sinzsV^VJ, a 22 (z) = On(z)*, (4.35) 

a i2 = sinz(l — t) sin zs(V t V s — V s V t ), a 2 i = cosz(l — t) cos zs(V t V s — V s V t ), (4.36) 

where V t = V(t) and 

A 3 (z)= [ dtf t ds[\inz(t-s) 8 mz(s-u)(l 11 ^? S,U,Z l ? 12 ^' S ' M ' ^ du, (4.37) 

' ' 1 V ; V ' \b 21 (t,s,u,z) b 22 (t,s,u,z)J v ; 



JO JO 



b u = sinz(l — t) cos zuV t V s V u + cos z(l —t)smzuV u V s V t , b 22 (z) = b u (z)*, (4.38) 
612 = sinz(l-t)sin^(ViKK-KV;Vi), 6 21 = cos z(l-t) cos zu(V t V s V u -V u V s V t ). (4.39) 

Lemma 4.4. For each (r, V) G IR + x Jf and V* = V the following asymptotics hold: 

2» det A W = exp( - 2Ni z + ^ + !H!+£fi>) , (4.40) 

T r A 2(2 )=(-B 2 + ^±^)co S2 , (4.41) 

Tr^°A 2 (z) = -3B 3 cosz + 0(e llmzl /z), (4.42) 
TrA 3 (z) = -iB 3 ^ + o(el Im ^l) (4.43) 

as y ^ r|x|, ?/ — > oo ; where V° = V(t)dt, B n = Tr . 

Proof. Let V t = V{t). Asymptotics (OIL O yield J *cosz(l - 2* + 2s) TrV^ = 
„ — cos z. Then using; (14341 and Tr V t V s dtds = \ Tr i ^ V t dtj = B 2 , we obtain 



TrA 2 (z) = 2 f f sin z(t - s) sin z (I -t + s)TrV t V s dtds 
Jo Jo 

(cos z(l-2t + 2s) - cos z) Tr V t V s dtds = + cos 2 - 5 2 cos z, 



'0 Jo 
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which yields ( ICTD . We show (Q2l) . Let G(t,s) = TrV (W + V s V t ). Using (Ol . (1531) . 
(15.21) we have 



1 r t 

0/ 




Tr^ u A 2 (z) = / /sin z(t - s)z(l-t + s)TrV"(V t V s + V s V t )ds 



^0 



= \j dt f o (- cosz + cosz ( 1 - 2t + 2s )) G ( t i s ) ds = -3B 3 cosz + 0(e llmzl /z) } 
since 2 

jf rft j^Tr V (V t V s + V s V t )ds = Tr V° (J V t dtj = 6B 3 , 

which yields ( 14.421) . Consider Tr A 3 . The identity (14.371) gives 

pi pt PS 

Tr A 3 (z) = dt ds / sin z(t — s) sin z(s — u) Tr(6n + 622)^ 
Jo Jo Jo 

pi pt PS 

— I dt ds sin z(t — s) sin z(s — u) sin z(l — t + u)Rdu, R = Ti(V t V s V u + V u V s V t ). 
Jo Jo Jo 

Using the identity 

4 sin z(t — s) sin z(s — u) sin z(l — t + u) = — sin z + P, 
P = sin ^(l - 2s + 2u) - sin 2(1 -2t+ 2s) - sin 2(1 -2t + 2u), 

we get 

A 3 = -Ao^^ + An, A° = - / dt [ ds [ Rdu, A\ = - f dt [ ds [ PRdu, 
3 2 3 ' 3 2j J J 3 4 7 J J 

where 

A ° = y Si Vtdt So ds So {VsVu + VuVs)du = t J* Vt ( = jBa - 

Due to (EHD we obtain A^ = o(e |Imz| ), which yields (l4~43l) . 
We will show (IPO]) . Asymptotics (fl~33l) yields 

=/ 2JV + 5, S = i— + — + — + 0(z ), (4.44) 

cos z 2z 2z A cos z 2z 6 cos z 

as I z I — > 00,2/ ^ r|x|, since sin 2; = icosz + 0(e~ y ). In order to use the identity 
det(/ + £) =exp(^Tr5-Try + Tr y + o(z~ 3 )Y |S| = 0(1/ z), 
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we need the traces of S m , m = 1, 2, 3. Due to (lCTT) - (Q3l) we get 

^-^w+ 0( ^-# +ort (4 ' 45) 



and 

TrS = Tr(^ + A2 /a + O^) ^^ / g\_ ^ 3 + o(l) 

^ V 2^ + 2z*cosz + 2z*cosz J z + \ 2z 2+ Az^J \z* 1 j 

and summing fl4.45D - fl4.47jl we get (14.401) . ■ 

Proof of Theorem 11.51 Recall the simple fact: Let A, B be matrices and and cr(B) be 
spectra of B. If A be normal, then dist{a(A), a (A + B)} ^ \B\ (see p. 291 [Ka] ). 

From (jOSD , (14331 we nave = Ai(z) + 0(z~ 2 e |Imz| ), |z| -> oo where the diagonal 
operator Ai = cos 2; + ^ffV° has the eigenvalues A°(^) = cosz - Vj°^,j G 1,JV with 
the multiplicity 2. Using the result from [Ka] and asymptotics above we deduce that the 
eigenvalues A m (z) of matrix A(z) satisfy the asymptotics Aj(z) = A°(z) + 0(z~ 2 e' Irnz '), j G 
JV. Then M G and Lemma S3 yields M G ^J' 1 . 



The function <&(iy, v) is real for 1/,1/Gl. Then ^(2) = §A—z) for all (2, j) G C + x 1, AT. 
This yields that the set {A m (^)}f r = {A m (— z)}^ , z G C+, which gives q(z) = q(—z), z G C + . 
Thus q(x) = q{—x) for all x G R and the identities 

fc (_^ = _, + I/?W* = _,_I/!W* = _]E W ,, e c t 

give —k(—~z) = k(z), z G C+. Thus by Theorem ll.llll.3l we obtain the proof of Theorem 11.51 
with the exception of ( 11. 3 2D . (11. 33ft . Note that similar arguments give 

- 1 Tr(V'(t) 2 + 2V 3 (t))dt 
2 5 N 

Defining 2° = Z " +Zn , r = ^ and using (z° + xf + (z° - x) 2 ^ 2(z°) 2 , we have 



Q* = I? + li-QoQ 2 = I ±Lyv yi) J: v yL,)a \ if V'eJt. 



/ t2q ° it)dt > r\{zl + xf + {zl-xY)^^dx> r -{z-) 2 = ^ 



„ 71 J n 71 / n 7T Z OZ 



>/K ngZ J 9 n nSZ n>l 



7n| 2 , 



which yields ( II. 39ft . 

Assume that <T(tv) = o{F). m this case the function h is given by: 

%) = 0,p^Z, and (/i(^n)) ne2 G £ 2 . (4.48) 

Recall estimates from [K9J. Consider the conformal mapping k : C + — > K(/i) for the case 

fc(z) = 2 + o(l) as |#| — > 00 and h given by (14.481) [K9J. Then for some absolute constant Cq 

1 

the following estimate was obtained: Q ^ C Gq(1 + G 2 ,) ancj - ^ CqG\{1 + ^2)1 which 
gives the second estimates (11.381) and (11.39ft . ■ 
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5 Appendix 

Lemma 5.1. Let functions h\, ..h n G L 2 (0, 1) for some n ^ 3. Taen 

dt j o ^ 2z{t ~ S)h ^ h ^ ds = Yz^Iq M^h&dt + o(1)) (5.1) 

dt / e- i2z{t - s) h 1 (t)h 2 {s)ds = ^fjl, (5.2) 
o Jo \ z \ 

1 /"t /"S 

dt ds e ±iz ^ 1 - 2 ^h 1 (t)h 2 (s)h 3 (u)du = o(e y ), (5.3) 



Jo Jo 

tn-1 



[ dh... r~W ±iz(1_2tl+2t2 -" +( ~ lW a/Z n>3, (5.4) 

as r|x| < y — > oo /or any /ixed r > ; where ( is one of functions: s — u,t — u, or t — s. 
Proof. Let F(t, s) = h 1 (t)h 2 (s),t, s G (0, 1). We have 

/i(z)= / dt [ e i2z{t ~ s) F{t,s)ds=- I ds I e i2zlt ~ sl F{t, s)ds. (5.5) 
Jo Jo 2 y J 

Substituting the identities 

- / IT'^ = el2Zlt ~ Sl > z e C +' *W = 7T If ^^F(t, s)dtds, 

7TI Jf, K — Az A In 

into (15.51) we obtain 



[o,ip 



which yields (15. II) . Consider f(z) = f Q dt J Q e t2z ^~ sS > F(t, s)ds. We have 

dt J e^ds ^ J — dt <: — (5.6) 



Let F be a smooth function such that \\F — F \\ = e for some small e > 0. Define the 
function fo(z) = J* dt e~ l2z ^~ s ^ F (t, s)ds. Using (15. 6p we obtain 

ply 

\f(z)\ < |/ (z)| + \f(z) - f (z)\ ^ \f (z)\ + \\F- Fo||^ (5.7) 

and the integration by parts yields fo{z) — 0(^-). Thus we obtain (15.21) . since e is arbitrary 
small. The similar arguments yield (15.31) and (15. 4p . ■ 
We formulate the following results from [CK]. 
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Lemma 5.2. The function f(z) = log z G C \ [—1, 1] is subharmonic and continuous 

in C. Moreover, for some absolute constant C the following estimate is fulfilled: 

c\f(z) - f(zo)\ ^ Ce*, if \z - zo\ < emax{2, \z \}, O^e^i z,z eC. (5.8) 

o 
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